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Introduction

I N the past few years at Duke University,many studies have been
conducted on an aeroelastic wing system with a trailing-edge

� ap.1¡4 The model here is a three-degree-of-freedom airfoil section
with nonlinear structural freeplay in � ap rotation. It is based on
the state-space model proposed in Ref. 5 and developed in Refs. 1
and 2. The aeroelastic section under study is shown in Fig. 1a. The
piecewise linear change in the structural stiffness of the control
surface (as shown in Fig. 1b) is the freeplay nonlinearity. Numer-
ical time marching integration determines the system’s response
(fourth-order Runge–Kutta method) by updating the equations of
motion with the use of Hénon’s method6 as the system moves from
one linear region into the next. As shown in previous work, results
obtained by time integrationagree with other theoreticaland exper-
imental results.1¡3

In this Note we use the aforementioned numerical approach to
analyze the nonlinear behavior of the system (Figs. 1a and 1b) as
the mean or steady angle of attack is being changed. Attention is
focused on the transition from small angles of attack to larger an-
gles of attack. Within this transition region, the limit cycle behavior
gives way to static equilibrium points over certain velocity ranges
as the angle of attack is increased, with a wide variety of nonlinear
behaviorexhibitedin between.The dependenceon initial conditions
is also considered.

Equations of Motion
Theodorsen7 derived the general equations of motion for the typ-

ical three-degree-of-freedom section; the moments on the entire
airfoil are balanced about the elastic axis a (shown in Fig. 1a), the
moments on the control surface are balanced about the hinge line c,
and � nally, the verticalforcesare balancedover the entire airfoil.We
use Theodorsen’s equations cast in the state-space form proposed
by Edwards et al.5:

PQx D AQx C a (1)

The full state vector Qx is given by
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where x D [®; ¯; h]T has three degrees of freedom: pitch ®, � ap
¯ , and plunge h. This format includes two augmented states xa re-
quired for Jones’s approximationof Wagner’s indicial loading func-
tion, which yields an approximation to the generalized Theodorsen
function. Therefore, A is an 8 £ 8 matrix. It contains the aerody-
namic contributions to the inertia, damping, and stiffness matrices
and is a function of the freestream velocity U. The offset vector a
is required because the nominal linear relationship for the control
surface restoringmoment as a functionof � ap rotation for the stiffer
regions (regions1 and 3 in Fig. 1b) does not pass through the origin.
The coef� cient matrix A and the offset vector a will change as the
system moves from one region into the next. The general form of
the A matrix is
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where Mtot, Btot, and Ktot are total values of mass, damping, and
stiffness matrices composed of structural contributions as well as
noncirculatory and circulatory aerodynamic contributions; D, E1,
E2 , and Fa are aerodynamicapproximationmatrices. More details,
as well as the speci� c form of these matrices, are given in Refs. 1
and 5.

Numerical Results
The physicalparametersof theairfoilmodel come from themodel

described in Ref. 1. A fourth-orderRunge–Kutta method is used for

Fig. 1a Sketch of the typical aeroelastic section with control surface.

Fig. 1b Restoring moment for the � ap degree of freedom ¯ with a
symmetric freeplay region about ¯ = 0.
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a) ®0 = 0 c) ®0 = 3±

b) ®0 = 2± d) ®0 = 4±

Fig. 2 Nondimensional � ap response vs � ow velocity for different angles of attack ®0 with initial conditions x(0) = [0; 2±; 0]T .

the time integration, where an accurate location of the switching
points (on the borders of regions in Fig. 1b) is found with the use
of the approach suggested by Hénon.6 The � ap angular motion is
used to represent the behavior of the system, and it is scaled in
proportion to the freeplay,± D 2:12 deg, so that the nominal angular
gap in Fig. 1b is 4.24 deg; cf. the studies in Refs. 1–4.

As the air� ow velocity changes from zero to U D 23:3 m/s (just
below the � utter velocity of the linear system, U »D 23:6 m/s), three
characteristic types of behavior occur (Fig. 2). They are static re-
sponse, oscillatory behavior with a steady limit cycle, and non-
periodic oscillatory behavior, which can be considered a chaotic
motion.

Now consider the results shown in Fig. 2. Here the initial con-
ditions were x.0/ D [0; 2±; 0]T and Px.0/ D [0; 0; 0]T . Zero angle of
attack was applied for Fig. 2a. Note that ®0 is the angle of attack,
whereas ®.0/ (which is zero in this particular case) is an initial dis-
turbanceof the pitch degree of freedomabout the ®0 . First, note that
up to U D 6:4 m/s there is a static response, indicated by the line
with diamonds. Here the initial disturbancedies out. As the air� ow
velocity is increased past that value, there is a jump to the limit
cycle oscillation behavior indicated by the plain line. For this kind
of behavior, the value of the � ap responsealong the vertical axis is a
half-amplitudeof the limit cycle oscillations (LCO) nondimension-
alizedby±. (Half-amplitudeis calculatedfora limit cycleas themax-
imum value of ¯ when P̄ D 0, minus the minimum value of ¯ when
P̄ D 0 and dividedby two.) For a � ow velocityof U D 9:3 m/s, more

complicated nonperiodic behavior occurs. This chaotic behavior is
indicated by the triangles. As a measure of the nondimensional re-
sponse,we calculateda maximum half-amplitudeof the � ap degree-
of-freedom oscillations in a 1-s window averaged over a substan-
tial time interval (divided by ±). At U D 10:5–11:4 m/s, there is a
small region of LCO, followed by another region of chaotic mo-
tion. Finally, as the air� ow velocity reaches U D 12:7 m/s and up
to U D 23:3 m/s, another region of LCO takes place. The transi-
tions from one qualitative behavior to another for a zero angle of
attack, as well as characteristicdetails of each region, are discussed
in Refs. 1 and 2. Here attention is focused on how the portrayal of
the system response changes with respect to changes in the angle
of attack.

As the angle of attack increases, the response regions become
more fragmented and complicated, as shown in Fig. 2b for ®0 D 2±.
Here the static response (¯static=±, which now is nonzero) is followed
by limit cycles for U D 4:6–6:8 m/s. Then a regionof chaoticmotion
exists for U D 6:9–8:3 m/s. This then gives way (U D 8:4–9:5 m/s)
to an interval that contains narrow regions of LCO and chaotic mo-
tion. Subsequently, at higher velocities, we proceed as before with
regions of LCO at U D 9:6–11:7 m/s, chaotic motion, and the wide
(U D 12:7–23:3 m/s) region of LCO.

As the angleof attack is increasedfurther,a qualitativelydifferent
situation emerges. For ®0 D 3± (as shown in Fig. 2c), we still have a
variety of response regions, but the appearance of signi� cant static
response regions distinguishes this portrayal from the earlier one.
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As the air� ow velocity reachesU D 13 m/s, the wide region of LCO
ceases to exist and gives way to a static response.

As one would probably expect with further increase of the angle
of attack, the static responsetakesover completely,as seen in Fig. 2d
for ®0 D 4±.

Often in nonlineardynamics it is of interest to study the effectsof
changes in initial conditions on the system’s response. A variety of
different initial conditions were tested. The results show that there
are some subtle changes in the response of the sytem. For exam-
ple, an angle of attack of ®0 D 3± was considered, and the results
were obtained for three sets of initial conditions:x1.0/ D [0; 2±; 0]T

(as before), x2.0/ D [2±; 0; 0]T , and x3.0/ D [0; 0; 0:5]T . Note that
Px.0/ D [0; 0; 0]T in all three sets. For most of the U interval, there
are no substantial differences due to different initial conditions.By
this we mean that, for all considered initial conditions, regions of
stable LCO, or chaoticmotions, or static points begin and end at the
same values of the air� ow velocity U. Also, the numerical values of
the response for static points and LCO remain unchanged at least
to the second digit after the decimal point, whereas values of the
averaged chaotic response may change in the � rst or second digits
after the point. However, in the interval of U »D 7–13 m/s, different
initial disturbanceslead to the differentbehaviorpatternsof the sys-
tem: The � rst set of initial conditionsproduces two small regionsof
LCO at U D 8:5–9:5 and 11.5–12.5 m/s, and the second set results
in the dominance of static points, and at the same time, the third set
gives rise to an LCO region for U D 9–12:8 m/s. For brevity, these
results are not shown graphically here, but they are available from
the authors.

Conclusions
Using a standard state-space approximation to Theodorsen aero-

dynamics in a model developed in Refs. 1 and 2, the behavior of a
three-degree-of-freedom typical airfoil section has been studied via
numerical time integration,with the focus on the effects of the mean
or steady angle of attack. A rich variety of nonlinear behavior has
been observed; the main tendency displayed by the system as the
angle of attack increases was the transition from the predominance
of LCOs to a static de� ection.

Note, � nally, that the magnitudeof the � ap motion is of the order
of the freeplay gap ±. For a typical airfoil, ± is of 1 deg or less.
Similarly, the pitch motion is of the order of the freeplay gap ±,
and the plunge motion is of the order of the freeplay gap times
airfoil chord. Hence, the motions involved are suf� ciently small
that classical linear aerodynamic theory is still valid, and thus we
have used Theodorsen’s theory in the present Note. The numerical
accuracy of the results shown is well within the dimensions of the
symbols plotted in the two � gures.
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Introduction

E IGENDERIVATIVES are extremelyuseful for determiningthe
sensitivities of dynamic responses to system parameter varia-

tions. A wide class of physical systems can be approximated by
systems of ordinary linear differential equations with periodic co-
ef� cients. Unlike the systems with constant coef� cients whose sen-
sitivity analysis techniquesare well known, the sensitivity analyses
of these periodic coef� cient equations are somewhat less familiar.
In general, the methods developed for the constant systems are not
applicable for periodic coef� cient systems because the closed form
of a Floquet transition matrix is generally unavailable. Usually the
� nite difference approach is used to calculate the sensitivities.This
approachis easy to implementbut costlybecauseof heavycomputa-
tion time.Also,a properstepsize is sometimesdif� cult to determine.
Lim and Chopra1 employed a chain rule differentiationapproach to
obtain the derivatives of a Floquet transition matrix Q with respect
to parameters, which is more ef� cient than the � nite difference ap-
proach for calculating the derivatives of the eigenexponents.Later,
Lu and Murthy2 introduced the direct analytical approach, and it
made the sensitivity analyses of periodic coef� cient systems much
more effective. This Note extends the method of Lu and Murthy to
the cases in which the period T can be dependent on the system
parameters.

Theory of Periodic Coef� cient Systems
A general homogeneous, � rst-order periodic coef� cient system

is

Px.t/ D A.t/x.t/ (1)

where A.t/ is an n £ n periodic matrix, with period T , and x.t/ is a
column vector of state variables. One set of the solutions of Eq. (1)
can be of the form

x.t/ D U .t/x.0/ (2)

where U .t/ is a standard fundamental solution matrix or state tran-
sition matrix. The Floquet theorem3 states that U .t/ can be of the
form

U .t/ D P.t/eKt ; P.0/ D I (3)

where P.t/ is an invertibleperiodicmatrix of ordern, with period T ,
whereas K is a steadyn £ n matrix that can be parameterdependent.
When t D T , we have

x.T / D U .T /x.0/ (4)

From Eq. (3), we obtain

x.T / D eKT x.0/ (5)

Hence,

U .T / D eKT (6)

De� nition: If U .T / andK are theFloquet transitionmatrix and the
steady matrix of a periodic system, then their eigenvalues are said
to be multipliers and eigenexponentsof the system, respectively.
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